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Abstract. In [7], R.C. McLean showed that the nioduh space of nearby sub- 
manifolds of a smooth, compact, orientable special Lagrangian submanifold L in 
a Calabi-Yau manifold X is a smooth manifold and its dimension is equal to the 
[^ ' dimension of 7i^(i), the space of harmonic 1-forms on L. In this paper, we will 

^^ . show that the moduli space of all infinitesimal special Lagrangian deformations of 

i in a symplectic manifold with non-integrable almost complex structure is also a 
smooth manifold of dimension 7i^(L) . 
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1. Introduction 



^ ' The notion of special Lagrangian submanifold was first introduced by 

QO ■ Harvey and Lawson [5] as an example of calibrated geometries. In the 

Q ! last few years, these have become more interesting after Strominger, 

\0 ', Yau and Zaslow [9] proposed a geometric construction of mirror mani- 



folds via special Lagrangian tori fibrations. According to their proposal, 
qn| ■ there should be a close connection between the deformation theory of 

special Lagrangian submanifolds and the mirror symmetry. Recently, 
special Lagrangian submanifolds have been studied by several other 
g ; authors [1], [2], [3], [4], [6], [8]. 

In [7], McLean showed that the moduli space of nearby subman- 
k>( I ifolds of a smooth, compact special Lagrangian submanifold L in a 

H ' Calabi-Yau manifold X is a smooth manifold and its dimension is 

equal to the dimension of 7i^{L), the space of harmonic 1-forms on 
L. In this paper, we will show that the moduli space of all infinitesimal 
special Lagrangian deformations of L in a symplectic manifold with 
non-integrable almost complex structure is also a smooth manifold of 
dimension 7i^(L). We will prove this by extending the parameter space 
of special Lagrangian deformations, i.e, by using a modified definition 
of special Lagrangian submanifolds. Recall that a Lagrangian subman- 
ifold L of a Calabi-Yau manifold is special Lagrangian if Im{^)\L = 0, 
where ^ is a nowhere vanishing, closed, complex (n, 0)-form. In our 
case, we will drop the assumption that ^ is closed (i.e d^ ^ 0) and 
introduce a new parameter 6 for the deformations. Then the condition 
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/^(C)|l — will be replaced by /m(e*^^)|L = in the definition of 
special Lagrangian submanifolds. 

In this paper, we will prove that the moduli space of all infinitesi- 
mal deformations of a smooth compact special Lagrangian submanifold 
L in a symplectic manifold X within the class of special Lagrangian 
submanifolds is a smooth manifold of dimension 7i^{L). 

2. Special Lagrangian Submanifolds 

In what follows, X will denote a 2n-dimensional symplectic mani- 
fold with symplectic 2-form u, an almost complex structure J which 
is tamed by u, the compatible Riemannian metric g and a nowhere 
vanishing complex valued (n, 0)-form .^=/i + i/S, where /i and [3 are real 
valued n-forms. We say C, is normalized if the following condition holds: 

(_l)«(«-i)/2(^/2)"^ A ^ = cu"/n! 

So far, all the studies have focused on Calabi-Yau manifolds where 
this complex form is closed, but for our purposes we need a globally de- 
fined (n, 0)-form which is not closed on X. There are many non-closed 
forms on a manifold, and one can easily construct them; for example 
by multiplying a given closed form with a non-constant function. The 
fact that C, is not closed implies that the associated almost complex 
structure J on the tangent bundle TX is non-integrable. In fact, the 
integrability of the almost complex structure determined by C, can be 
replaced by a weaker condition than dC, = ([3]). 

In special Lagrangian calibrations, there is an additional term e*^, 
where for each fixed angle 9 we have a corresponding form e*^^ and its 
associated geometry. 9 is called the phase factor of the calibration and 
this in fact will be our new parameter in the deformation of special 
Lagrangian submanifolds. In order to enlarge our parameter space 
we will allow 9 to vary along the deformations. We will also assume 
that the initial value of ^ is to avoid the appearance of additional 
constants. 

Taking the new parameter 9 into consideration, one can slightly mod- 
ify the definition of a special Lagrangian submanifold in a symplectic 
manifold. 

Definition: An n- dimensional submanifold L C X is special La- 
grangian if L is Lagrangian (i.e. uj\l = 0) and Im{e^^^) restricts to 
zero on L, for some ^ G R. Equivalently, Re{e^^^) restricts to be the 
volume form on L with respect to the induced metric. 



deformations of special lagrangian submanifolds 3 

3. Deformation Theory 

Under the given assumptions, we are ready to state our theorem: 

Theorem. The moduli space of all infinitesimal deformations of 
a smooth, compact, orientable special Lagrangian submanifold L in a 
symplectic manifold X within the class of special Lagrangian submani- 
folds is a smooth manifold of dimension 1-0'{L) . 

Remark. In [7], McLean proved the same theorem for Calabi-Yau 
manifolds, i.e, for d^ = 0. This is the case where the almost complex 
structure is integrable. 

Proof of Theorem. For a small vector field V and a scalar ^ G R, 
we define the deformation map as follows, 

F : T{N{L))xR-^ n\L)^n'''{L) 

F{V,9) = ((exp^)*(-cu),(exp^)*(/m(e*''0) 

The deformation map F is the restriction of —uj and Im{e^^^) to Ly 
and then pulled back to L via (expy)* as in [7]. Here N{L) denotes 
the normal bundle of L, r{N{L)) the space of sections of the normal 
bundle, and Q'^{L), r2"(L) denote the differential 2- forms and n-forms, 
respectively. Also, expy represents the exponential map which gives a 
diffeomorphism of L onto its image Ly in a neighbourhood of 0. 

Recall that the normal bundle N{L) of a special Lagrangian sub- 
manifold is isomorphic to the cotangent bundle T*{L). Thus, we have 
a natural identification of normal vector fields to L with differential 
1-forms on L. Furthermore, since L is compact we can identify these 
normal vector fields with nearby submanifolds. Under these identifica- 
tions, it is then easy to see that the kernel of F will correspond to the 
special Lagrangian deformations. 

We compute the linearization of F at (0,0), 

dF{0,0) : T{N{L))xR^n\L)^n''{L) where 

dF{0, 0) {V, 6) = ^F{tV, se)\t=o,s=o + §-sF{tV, sO) |i=o,s=o 

Therefore, 

§lF{tV, s^)|i=o,s=o + §-sF{tV, s^)|t=o,s=o 

= ^[exply{-uj),exp*^y{Im{{cos{s9) + isin(s6'))(/i + i/5))]|i=o,s=o 
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+-^[exply{-uj),exp;y{Im{{cos{se) + i sin(s^))(/i + if3))] \t=o,s=o 

= [-{Lvuj)\l, {Lvfi)\L ■ sm{s9)\s=o + {LvP)\l ■ cos(s6')|s=o 
+ ((exp*y /i) ■ cos(s^) ■ 9 - (exp*v/3) ■ sin(s^) ■ ^)|i=o,s=o] 

= [-{Lvuj)\l, LvP\l ■ cos(s6')|s=o + ((exp^V At) ■ cos{s9) ■ 6')|i=o,s=o] 

Here Ly represents the Lie derivative and one should notice that 
exply fi\t=Q is just the restriction of /i to L which is equal to 1 by our 
assumption that the initial value of ^ is 0. 

Also, on a compact manifold L, top dimensional constant valued 
forms correspond to 7i"(L), the space of harmonic n- forms on L and 
there is a natural identification between the reals and harmonic n- 
forms. Therefore, 9 will play the role of a harmonic n-form in our 
calculations. 

Using the Cartan Formula, we get: 

= {-{iydu; + d{ivUj))\L, {iydp + d{ivP))\L + 0) 

= {-d{ivuj)\L, {ivd(3 + d{iv(3))\L + 9) 

= {dv, ( + d* V + 9), where ( = iv{dP)\L 

Here iy represents the interior derivative and v is the dual 1-form to 
the vector field V with respect to the induced metric. For the details 
of local calculations of d{ivuj) and d{ivP) see [7]. 

Hence dF(0, 0)(\/, 9) = {dv, C + d*v + 9). 

Let xi,X2, ...,Xn and xi,X2, ..■,X2n be the local coordinates on L 
and X, respectively. Then for any given normal vector field V = 
(Vijr^ — , ..., Vn-fT—) to L we cau show that 

C = iv{d(3)\L = -niVi ■ gi + ... + K ■ 5'n)dvol where gi {0 < i < n) 
are combinations of coefficient functions in the connection-one forms. 
Since these are related to the induced metric one has the flexibility 
of making gi smaller by rescaling the metric on the ambient manifold. 
This fact will play an important role in proving the surjectivity of the 
linearized operator later on. 

One can also decompose the n-form ( = da + d*b+h2 by using Hodge 
Theory and because C is a top dimensional form on L, ( will be closed 
and the equation becomes dF{0, 0)iy, 9) = {dv, da + d*v + h2 + 9) for 
some {n — l)-form a and harmonic n-form /i2. 
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The harmonic projection for ( = ~n{Vi.gi + ... + Ki.(7„)dvol is 
{Jj^—n{Vi.gi + ... + V^j.(?„)dvol)dvol and therefore one can show that 
da = -niVi.gi + ... + K-fi'n)dvol+(n/^ (Vi.gi + ... + K-fi'n)dvol)dvol 
and h2 = {—nj^ (Vi-gi + ••• + Ki-fi'n)dvol)dvoL 

Remark. One should note that the differential forms a and /i2 both 
depend on V and therefore should be explored carefully in order to 
understand the deformations of special Lagrangian submanifolds. 

After completing the space of differential forms with appropriate 
norms, we can consider F as a smooth map from C^'"{Q^{L)) x R to 
C^''^{n^{L)) and C°'°(fi"(L)), where 

C^'^in) = {fe C^m [D^fUn < oo, |7| ^ A;} and 

If] ^ _ C„,„ dist{f{x)J(y)) . (^ 

The Implicit Function Theorem says that F^^(0, 0) is a manifold and 
its tangent space at (0, 0) can be identified with the kernel of dF. 

(dv) 0(C + d*v + e) = {0,0) implies 

dv = and C + d*v + 9 = da + d*v + h2 + = 0. 

The space of harmonic n-forms 1-L"'{L), and the space of exact n- 
forms (ir2"~^(L), on L are orthogonal vector spaces by Hodge Theory. 
Therefore, dv = Q and da + d* v + h2 + 9 = Q is equivalent to rff = 
and d*v + da = {) and /i2 + ^ = 0. 

One can see that the special Lagrangian deformations (the kernel of 
dF) can be identified with the 1-forms on L which satisfy the following 
equations: 

(i) dv = {) 

(ii) d* {v + k{v)) = 

(iii) h2 + e = o. 

Here, k{v) is a linear functional that depends on v and /i2 is the 
harmonic part of ( which also depends on v. These equations can be 
formulated in a slightly different way in terms of decompositions of v 
and *a. 

li V = dp + d*q + hi and *a = dm + d*n + h^ then we have 

(i) dd*q = 

(ii) A{p ± m) = 

(iii) h2 + 9 = 0. 
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This formulation of the solutions will help us to prove the surjectivity 
of the linearized operator without using k{v). 

Remark. When 6 = C, the infinitesimal deformations of 6 give no 
additional special Lagrangian deformations simply because there can- 
not be two different harmonic representatives in the same cohomology 
class. Therefore, one can obtain McLean's result by fixing 6 = C along 
the deformations for some constant C and since df3\L = in the inte- 
grable case, da = and /i2 = 0. Hence the deformations correspond to 
1-forms which satisfy the equations dv = and d*v + 6 = 0. 

Next, we need to show that the deformation theory of special La- 
grangian submanifolds is unobstructed. In order to use the implicit 
function theorem, we need to show that the linearized operator is sur- 
jective at (0, 0). 

Recall that the deformation map, 

F : r(A^(L))xR^ f^^j^L) (]"(L) 

is defined as follows: 

F{V,e) = {{expyn-u;),{expynim{e^'0)- 

Even though Im{e'^^C,) is not closed on the ambient manifold X, the 
restriction of this differential form is a top dimensional form on L, and 
therefore it will be closed on L. On the other hand, u is the symplectic 
form which is by definition closed on X. Therefore, the image of the 
deformation map F lies in the closed 2-forms and closed n-forms. 

At this point we will investigate the surjectivity for uj and Im{e'^^^) 
separately. 

We have the following diagrams for dF = dFi dF2 with natural 
projection maps proji and proJ2 '■ 

dFi : T{N{L)) -^ n^{L) ^^^^ dn^{L) 
and, 



dF2 : r(A^(L)) X R ^*^'^"^^') fi"(L) ^^ dQ^'-^L) ^ m (L) 

We will show that the maps dFi and dF2 are onto dQ^{L) and 
dQ'^~^{L) 7i"(L), respectively. Therefore, for any given exact 2-form 
X and closed n-form y = u + z in the image of the deformation map 
(here u is the exact part and z is the harmonic part of y), we need 
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to show that there exists a l-form v and a constant 9 that satisfy the 
equations, 

(i) dv = X 

(ii) d* {v + n{v)) = u 

(iii)/i2 + 6 = z. 

alternatively, we can solve the following equations for p, q and 6. 

(i) dd*q = X 

(ii) A{p± m) = *u (Here, the star operator * is defined on L) 

(iii) h2 + 9 = z. 

For (i), since x is an exact 2-forni we can write x = (i((ir +(i*s+harmonic 
form) by Hodge Theory. Then one can solve (i) for q by setting q = s. 

For (ii), since Am = d*dm = d* * a = *d * *a = ± * da, 
A{p ±m) = Ap ± Am = Ap ± *da (here a depends on p) 

= Ap±{-n(yi.gi+...+Vn.gn) + {n fj^ (Vi.gi + ... + K-fi'n)dvol )) = *u 

Recall that for a given operator A + P : B ^ B for some Banach 
space B, we can define its inverse by 

(A + P)-i = [A(Id+A-ip)]-i 

= [Id+A-ip)]-iA-i 

and this is well defined if ||A~"'^P|| < 1. 

The condition ||A~^P|| < 1 can be satisfied by taking Qi very small. 
Since gi can be made smaller by rescaling the metric, one can make 
them small enough by multiplying the (n, 0)-form ^ with a small e > 0. 
Recall that (-l)"("-i)/2(^/2)"^ A f = cj"/n!. By making ^ small we 
can make the symplectic 2-form small and the associated metric g. 
Since e is a real number the associated geometries of ^ and e.^ will 
be equivalent. Since we can make gi small enough, we can invert the 
operator in (ii) and solve for p for any given exact n-form u. 

(iii) is straightforward. 

The only thing remaining is to show that the image of the deforma- 
tion map Pi lies in dn^(L) and the image of P2 lies in dn^~^{L) 07i"(L). 

For u, we can follow the same argument as in [7]. Since expy : L—^X 
is homotopic to the inclusion i : L^X, expy and i* induce the same 
map in cohomology. Thus, [expy(a;)] = [«*(c<j)] = [c<j|i] = . So the 
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forms in the image of F is cohomologous to zero. This is equivalent to 
saying that they are exact forms. 

For /m(e*^^), we cannot follow the same process, because it is not a 
closed form on the ambient manifold X and therefore does not represent 
a cohomology class. But by our construction of our deformation map, 
it is obvious that the image lies in (if2"~^(L) 07-^"(L). 

One can find the dimension of this manifold by comparing the op- 
erators d + *d*{v) and d + *d*{y + n{y)). Since C = iv{.dl3)\L = 
— n(Vi.(yfi-|-...-|-V^.5f„)dvolit is easy to see that the extra term *d*{ti{y)) 
contains no derivatives of v and this implies that the linearized oper- 
ators d + *d*{v) and d + *d*{v + n{v)) have the same leading term. 
Also it is known that the index of an elliptic operator is stable un- 
der lower order perturbations. Since the dimension of the kernel of 
d + *d* is bi{L) + 1 and the dimension of its cokernel is 1 as a map 
from T{N{L))xR-^ ^^^(L) rffi"-i(L) 07^"(L), we can conclude 
that both the index oi d + *d*{v) and d + *d*{v + k,{v)) are equal to 
bi{L). Hence the dimension of tangent space of special Lagrangian de- 
formations in a symplectic manifold is also bi{L), the first Betti number 
of L. 

Therefore, dF is surjective at (0, 0) and by infinite dimensional ver- 
sion of the implicit function theorem and elliptic regularity, the moduli 
space of all infinitesimal deformations of L within the class of spe- 
cial Lagrangian submanifolds is a smooth manifold and has dimension 
b,{L). 
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